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Solutions a r e  obtained for  a n o n s t e a d y - s t a t e  p r o b l e m  of heat  conduct ion and of the c o r r e s -  
ponding quas i s ta t ic  t h e r m o e l a s t i c i t y  p r o b l e m  for  an annulus made  of  a r e i n f o r c e d  l a m e I l a r  
m a t e r i a l .  

We cons ide r  a pla te  in the f o r m  of an annulus .  We a s s u m e  that it p o s s e s s e s  t h e r m a l  and e las t ic  cy -  
l indr ica l  an i so t ropy  and that it has  a plane of s y m m e t r y  (the z axis  is n o r m a l  to this plane).  

We a s s u m e  that heat  t r a n s f e r  with the e x t e r i o r  med ium through  the su r f ace  of the annulus obeys  New- 
ton ' s  law. The  t e m p e r a t u r e  of the med ium washing the s u r f a c e s  z = :~5 is an a r b i t r a r y  funct ion of t ime tc(~-), 
while the t e m p e r a t u r e s  of the med ium washing the concen t r i c  s u r f a c e s  p = r ,  p = R a r e  tr(z),  tRff  ). 

Fo r  the de t e rmina t i on  of the n o n s t e a d y - s t a t e  t e m p e r a t u r e  field in such a plate  we have the heat  con-  
duct ion equation and the boundary  condi t ions  [1] 
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t=O for x=O. (3) 

Making use  of the Lap lace  t r a n s f o r m  with r e s p e c t  to the var iab le  % we seek  the solut ion of the bound-  
a r y  value p r o b l e m  (1)-(3) in the f o r m  
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z~ ~ (x, v)=s~ (x) Y; (y) - Y~ (x) sj(y)  (i, i = o; 1); 

m=--;r s , ~ = - -  Bi~+ F" ) "  

For the case of an isotropic plate, when on the cylindrical surfaces we have conditions of the first 

kind (o~ r = ~, C~R = co), this solution is given in [2]. But if the interior surface of the ring is insulated and 

on the exterior surface we have a condition of the first kind, then it is easy to obtain from (4) the known [3] 

solution of the problem by making c~ r ~ 0, a R ~ ~ and taking tcff ) -- 0. 

Taking in (4) the limit as ~r ~ 0, cr R ~ 0, we obtain the following expression for the temperature 

f ield:  
Fo 

l = Bi~ i tc (T) e -Biz (vo--~) dc. (5) 
5 

F o r  the c a s e  when the t e m p e r a t u r e  of the e x t e r i o r  m e d i u m  v a r i e s  at  the in i t ia l  m o m e n t  by s o m e  quan-  
t i ty  to, c o n s i d e r e d  cons tan t  in what  fol lows,  this t e m p e r a t u r e  f ie ld  b e c o m e s  

t~to (1 - - ~ o ) .  (6) 

Let  us d e t e r m i n e  the t e m p e r a t u r e  s t r e s s e s  induced in the r ing  by the t e m p e r a t u r e  f ie ld  (4) obtained,  
by mak ing  use  of the n e c e s s a r y  [4] r e l a t i o n s  of the t h e r m o e l a s t i c i t y  for  a p la te :  
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w h e r e  u s a t i s f i e s  the equa t ion  
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T h e  so lu t ion  of the equat ion  (8) can  be wr i t t en  in the f o r m  

u =  c1+  ~ -  (p) p 4 +  c., p-~, (9) 
2k - 2k 

P 

w h e r e  ~+(p) = j' p •  +if(p, Fo)dp,  while the i n t eg ra t ion  cons t an t s  c 1 and c 2 a r e  sub jec t  to d e t e r m i n a t i o n  
r 

f r o m  the condi t ions  that  the p la te  is f r e e  of e x t e r n a l  load: ~p = 0 fo r  p = r,  p = R.  

D e t e r m i n i n g  the i n t eg ra t i on  cons t an t s  a f t e r  the c o m p u t a t i o n  of the n e c e s s a r y  i n t e g r a l s  [5], we obta in  
the foi lowing e x p r e s s i o n s  for  the c o m p o n e n t s  of the t e m p e r a t u r e  s t r e s s e s :  
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w h e r e  
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If  in the f o r m u l a s  (10) the t e m p e r a t u r e  f ield is  s t a t i o n a r y  and E~ = Ep = E, a t = c~ t = at ,  vpgp = 
= v, then we a r r i v e  a t  the known [6-8] e x p r e s s i o n s  of the t e m p e r a t u r e  s t r e s s e s  for~an i s o t r o p i c  p la te  ~ e r  
s t e a d y - s t a t e  hea t  condi t ions .  

The  l a r g e s t  t e m p e r a t u r e  s t r e s s e s  induced by the t e m p e r a t u r e  f ie ld  (6) have  the f o r m  
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w h e r e  M :  [ l-+-v~ (at-*--r +o~t* ] ( 1 - -  e-BW~ 
L k ~ - I  J 

We note  that  the n o n s t e a d y - s t a t e  t e m p e r a t u r e  field,  cons tan t  a long the en t i r e  d o m a i n  of i t s  p la te  does  
not induce t e m p e r a t u r e  s t r e s s e s  i n  the i s o t r o p i c  p la t e .  In an an i so t rop i c  p la te ,  t e m p e r a t u r e  s t r e s s e s  a r i s e  
and, as  s een  f r o m  (12), they depend on the heat  t r a n s f e r  with i t s  l a t e r a l  s u r f a c e s ,  the n o n s t e a d y - s t a t e  t e m -  
p e r a t u r e  f ie ld and the p o l a r  r a d i u s .  

Le t  us a s s u m e  that  the annu la r  p la te  is  made  of epoxy r e s in ,  r e i n f o r c e d  with e q u a l - s t r e n g t h  g l a s s  
bands .  The  n e c e s s a r y  p h y s i c o m e c h a n i c a l  c h a r a c t e r i s t i c s  fo r  such a p la te  a r e  g iven  in [4, 9]. In o r d e r  to 
e luc ida te  the e f fec t  of the hea t  t r a n s f e r  with the l a t e r a l  s u r f a c e s  z = • of the p la te  and the n o n s t e a d i n e s s  
of the t e m p e r a t u r e  f ie ld on the t e m p e r a t u r e  s t r e s s e s  in the r e i n f o r c e d  p la t e s ,  the s t r e s s e s  (12) have  been  
compu ted  fo r  a r e i n f o r c i n g  coef f ic ien t  r = 0.8.  

In Fig.  1 d i a g r a m s  of the v a r i a t i o n s  of these  s t r e s s e s  as  a funct ion of the F o u r i e r  n u m b e r s  a r e  g iven  
f o r  s e v e r a l  va lues  of the Blot  n u m b e r s .  It  is c l e a r  f r o m  the d i a g r a m s  that  the l a r g e s t  r a d i a l  and annu la r  
t e m p e r a t u r e  s t r e s s e s  a r e  a lways  c o n t r a c t i v e  and a r e  a t ta ined  for  a s t a t i o n a r y  hea t  condi t ion.  With the 
d e c r e a s e  of the heat  t r a n s f e r  the t e m p e r a t u r e  s t r e s s e s  will  d e c r e a s e .  
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Fig. 1. The variation in time of the maximal radial (a) and 
annular (b) temperature stresses in an annular plate for dif- 
ferent values of the Blot number. In (b), along the ordinates 
we have (r~. 
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NOTATION 

is the temperature  of the plate; 
is the t ime; 
are  the polar  radius, inner and outer radii  of the ring related to the 
semithickness 5 of the plate; 

are  the Blot numbers  on the sur faces ;  

are  the heat t ransfer  coefficients with these sur faces ;  

is the Four ie r  number;  
is the heat conductivity coefficient in the direct ion p; 
is the heat capacity;  

are  the Young's moduli in the radial and tangential direct ions;  

are  the Poisson rat ios  for these direct ions;  

are  the l inear expansion coefficients in the direct ions p, q~; 
is the radial  displacement;  
a re  the z e r o - o r d e r  Bessel  functions of the f i rs t  and the second kind with 
imaginary argument;  
are  the Bessel  functions of the f i rs t  and second kind with real  argument;  
is the Lommel  function with real  argument .  
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